Abstract: This study proposes a mathematical model of dynamic pricing for soccer game tickets. The logic behind the dynamic ticket pricing model is price change based on multipliers which reflect the effects of time and inventory. Functions are formed for the time and inventory multipliers. The optimization algorithm attempts to find optimal values of these multipliers in order to maximize revenue. By multiplying the mean season ticket price (used as the reference price) by the multipliers, dynamic ticket prices are obtained. Demand rates at different prices are needed for the model, and they are provided by a unique fuzzy logic model. The results of this model are compared with real data to test the model's effectiveness. According to the results of the dynamic pricing model, the total revenue generated is increased by 8.95% and 0.76% compared with the static pricing strategy in the first and second cases, respectively. The results of the fuzzy logic model are also found to be competitive and effective. This is the first time a fuzzy logic model has been designed to forecast the attendance of soccer games. It is also the first time this type of mathematical model of dynamic pricing for soccer game tickets has been designed.
Introduction
Soccer clubs generate their revenue primarily from the following three sources: match day (including ticket sales), broadcasting, and commercial (including merchandise and sponsors) [1] . As expenses increase, clubs seek new, alternative methods to generate additional revenue. One of the alternatives is adopting a contemporary ticket pricing strategy, instead of the traditional strategies [2] . Currently, soccer clubs underprice game tickets by adopting traditional pricing strategies such as the static pricing strategy in which prices remain the same during a selling period [2, 3] . As a result of these inefficient pricing strategies, a portion of the revenue is captured by a secondary market. Rascher et al. [4] posit that Major League Baseball (MLB) teams could have increased ticket revenues by about 2.8% if they used variable ticket pricing. Dynamic pricing appears to be a promising strategy to optimize ticket prices [5, 6] .
Dynamic pricing is accepted as a special form of revenue management that has been commonly used in airline and hotel industries to maximize revenue growth [7] . The objective of dynamic pricing is to maximize revenue by changing prices based on the customers' willingness to pay. Dynamic pricing and revenue management studies primarily address the problems of the airline [7] [8] [9] and hotel industries [10] . Parris et al. [5] state that although dynamic ticket pricing is a growing trend and increases revenue in the sports industry, it is still in its infancy. Hence, the sports industry appears to be a promising field for dynamic ticket pricing, but lacks mathematical models. Based on studies by Kimes [11] and Kimes et al. [12] , it can be concluded that a dynamic pricing strategy is appropriate for the sports industry. Some of the reasons stated are perishable inventory, product sold in advance, fluctuating demand, low marginal sales cost, high marginal production costs, ability to This point is also stressed in the study by Kemper and Breuer [16] . Therefore, necessary data is forecasted by using a unique fuzzy logic approach in this study. The result of the model is compared with real data to test its effectiveness. Fourth, as highlighted as a limitation in previous studies [16] , game-related factors are included in this study. These factors are considered while designing the model of demand estimation. Finally, in addition to the academic interest, the findings of this study may be of relevance to soccer managers and policy makers who are responsible for the economics of the clubs. The model may also be applied to other sports disciplines with a few modifications.
Materials and Methods

Dynamic Ticket Pricing Model
One of the primary objectives of this study is to propose a mathematical model of dynamic pricing for soccer tickets. Similar dynamic pricing models were offered by Bayoumi et al. [28] and Dorgham et al. [29] for the hotel and telecommunication industries, respectively. In the first study, a dynamic pricing approach was proposed for hotel rooms. The price is calculated based on multipliers of time, capacity, length of stay, and group size. A Monte Carlo simulator was designed, and an optimization algorithm is applied to determine the multipliers. In the second study, a similar approach was proposed for the telecommunications industry. Dynamic prices are determined based on time of day and cell-load capacity multipliers. The multipliers are also optimized. It is believed that similar logic can be applied to soccer ticket pricing because price changes based on time and existing inventory are shared by these three industries. Likewise, selling perishable inventory in a finite time period is common to them. However, there are some subtle differences. First, the length of stay in a hotel room is the factor with the greatest effect on room prices, but it is not relevant for soccer game ticket prices. Second, the mathematical models also differ. There is a price floor on soccer tickets because of season ticket holders. There is also a price ceiling to avoid discouraging fans. These may be relevant for hotel rooms as well, but season ticket holders are unique in the soccer ticket pricing model. Third, the form and characteristics of the multiplier functions are different. There are two forms of the time multiplier in this study to allow revenue comparisons. Their patterns were chosen based on the nature of sports industry pricing. Lastly, in this study, required demand levels are forecasted by the model using a unique fuzzy logic approach. The success of the fuzzy logic model was demonstrated by Coşgun et al. [30] , who applied it to forecast the demand of a maritime company.
Methodology
In the proposed model, dynamic ticket prices offered are determined by multiplying the mean season ticket price by time and inventory multipliers as follows:
Ticket Price = Time multiplier × Inventory multiplier × Mean Season Ticket Price.
(
Each multiplier was chosen as an influencing variable that has a specific effect on the price. The logic behind selecting these multipliers is to allow price changes in a certain interval. To this end, the average value of each multiplier function was determined to be 1.25, meaning the value of each multiplier varies by approximately 1.25. The multipliers are assumed to be piecewise linear or linear functions, as more elaborate functions provide similar results. The limits and slopes of these functions are determined by the optimization algorithm. There are two forms of the time multiplier. In one, the multiplier continually increases during the selling period, as is stated in sports literature [19] . As the start time of the game approaches, the time multiplier will have an increasing effect on price. To make comparisons in terms of revenue, another form of the time multiplier is also established based on research conducted in dynamic pricing and expert knowledge. There is one case for the inventory multiplier, in which the multiplier has the highest value when the tickets are nearly depleted. Alternatively, when there is an abundance of tickets available, the multiplier is low to accelerate ticket sales. The details of the multipliers will be explained in the following section. The final price will reflect the effect of both time and inventory multipliers that can be either increasing or decreasing.
The proposed model must have demand levels at different prices. In other words, price elasticity of demand is required. A fuzzy logic model was designed to forecast the demand rate at different prices. The MATLAB 2015b Fuzzy Logic Designer tool (MathWorks, Natick, MA, USA) was used for this purpose. Two of the primary reasons for this approach are the success at quantifying linguistics variables and the competitive results provided. There are six input variables: weather, day of game, distance, performance of home team, uncertainty of outcome, and ticket price. The variables were selected after conducting detailed research of sports demand and dynamic ticket pricing literature. The membership functions were developed in the same manner. By forming fuzzy rules and relating them, the demand rate is obtained as the output.
A simulation model was designed to simulate the estimated demand for tickets and the expected revenue. It was designed in MATLAB R2015b Simulink (MathWorks, Natick, MA, USA) to also provide an optimization tool. This allows the use of the output of the fuzzy logic model in the same platform. The ticket prices change dynamically; after experimenting with different sets of multipliers, the model provides the optimal multiplier parameters that maximize revenue. After obtaining the parameters, the dynamic prices at any time in the selling period and at any inventory level can easily be calculated. The framework of the model is provided in Figure 1 .
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Mean Season Ticket Price
Each soccer club categorizes its stadium seating to charge different prices for each category. The price of a category changes depending on its distance to the field, the side of the stadium, and so on [3] . Season ticket prices also change based on the categories. Season ticket prices are established either for all home games or for a few games that the club will play in its own stadium. Hence, the mean season ticket price is found by dividing the season ticket price by the total number of games included. Put differently, the mean season ticket price reflects the per game cost to season ticket holders.
Revenue produced from season tickets is a substantial source for clubs. Likewise, the number of season tickets sold is an indicator of the size of the spectator crowd. Considering the motivation that spectators generate for the team, season ticket holders deserve entitlements. Dynamic ticket prices should incentivize the sale of season tickets rather than hindering sales [2] . Therefore, the prices offered must be greater than the mean season ticket price. Put differently, dynamic ticket prices are expected to send a message that season tickets are the least expensive option for spectators. To ensure this, the parameters of the multipliers are determined accordingly.
Time Multiplier
Match tickets are sold in advance. The time from buying the ticket to the starting time of the game is a significant control variable for ticket prices [6] . Two forms of time multiplier are considered, and the behavior of the multipliers is shown in Figures 2 and 3 . The x-axis represents the selling time (in days) and the y-axis represents the value of the time multiplier. Change in the time multiplier is assumed to be linear to simplify calculations.
•
In the first form, the time multiplier begins at its lowest level (t 1 ) to sell as many tickets as possible by offering the lowest prices initially. As time passes, the time multiplier increases to its highest level (t 4 ) at T 1 . If there are many tickets available, the time multiplier decreases to (t 2 ) at T 2 .
Towards the end of the selling period, it is assumed that customers are not concerned about the price, so the time multiplier increases to (t 3 ). "T" represents the end of the selling period.
In the second case, the time multiplier begins at its lowest level (t 1 ) and, as time passes, it increases to (t 2 ). This case is often stated in the sports literature [19, 31] . The logic behind this scenario is offering low prices at the beginning to sell as many tickets as possible. Then, the multiplier increases continually towards end of selling period based on the assumption that last-minute spectators are not very concerned about prices. selling time (in days) and the y-axis represents the value of the time multiplier. Change in the time multiplier is assumed to be linear to simplify calculations.
• In the first form, the time multiplier begins at its lowest level (t1) to sell as many tickets as possible by offering the lowest prices initially. As time passes, the time multiplier increases to its highest level (t4) at T1. If there are many tickets available, the time multiplier decreases to (t2) at T2. Towards the end of the selling period, it is assumed that customers are not concerned about the price, so the time multiplier increases to (t3). "T" represents the end of the selling period.
In the second case, the time multiplier begins at its lowest level (t1) and, as time passes, it increases to (t2). This case is often stated in the sports literature [19, 31] . The logic behind this scenario is offering low prices at the beginning to sell as many tickets as possible. Then, the multiplier increases continually towards end of selling period based on the assumption that last-minute spectators are not very concerned about prices. 
Inventory Multiplier
The relationship between available tickets and the inventory multiplier is shown in Figure 4 . The x-axis represents available tickets, with number as its unit. The number of tickets offered for sale is obtained by subtracting the number of season tickets sold from the total stadium capacity. The y-axis represents the inventory multiplier.
As the inventory decreases, the inventory multiplier increases. Put differently, the inventory multiplier increases based on the assumption that remaining tickets will sell at higher prices. At the beginning, when the number of tickets to be sold is high, the inventory multiplier is at its lowest value (i1). As the number of tickets sold increases, the inventory multiplier rises to its highest value (i2). selling time (in days) and the y-axis represents the value of the time multiplier. Change in the time multiplier is assumed to be linear to simplify calculations.
•
Inventory Multiplier
As the inventory decreases, the inventory multiplier increases. Put differently, the inventory multiplier increases based on the assumption that remaining tickets will sell at higher prices. At the beginning, when the number of tickets to be sold is high, the inventory multiplier is at its lowest value (i1). As the number of tickets sold increases, the inventory multiplier rises to its highest value (i2). 
As the inventory decreases, the inventory multiplier increases. Put differently, the inventory multiplier increases based on the assumption that remaining tickets will sell at higher prices. At the beginning, when the number of tickets to be sold is high, the inventory multiplier is at its lowest value (i 1 ). As the number of tickets sold increases, the inventory multiplier rises to its highest value (i 2 ). 
Formulation
All multipliers have a significant effect on dynamic ticket prices. As indicated previously, prices should change in a specific interval because of season ticket holders and fans. To ensure this occurs, the chosen average value of every multiplier is 1.25. Otherwise, prices lower than the mean season ticket prices may discourage season ticket holders and excessive prices may alienate fans. There are two cases of the time multiplier. The following equations are obtained for each case. All equations are obtained in a similar way, in which the average value, 1.25, will be equal to the area under the line divided by the range. For instance, for the second case, the third equation is obtained by dividing the area under the line (which is the area of the trapezoid) by the range (which is T) and setting this equal to 1.25.
1. t1, t2, t3, T1 and T2 are the optimization variables and t4 is the dependent variable.
2. t1 is the optimization variable and t2 is the dependent variable.
3. There is only one case for the inventory multiplier, as follows:
To maintain price changes in a certain interval, the constraints in Table 1 were determined. The minimum and maximum limits of T1 and T2 were formed based on the start and end of the selling period, which is 20 days. The minimum and maximum values of inventory multipliers and time multipliers for both cases were determined by trial and error. These limits prevent dynamic prices from being lower than the mean season ticket price and from being high enough to discourage fans. All constraints attempt to maintain the shape of the multiplier functions. The bounds may be changed based on the problem. The optimization algorithm attempts to find the optimal values of 
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t 1 , t 2 , t 3 , T 1 and T 2 are the optimization variables and t 4 is the dependent variable.
2. t 1 is the optimization variable and t 2 is the dependent variable.
3.
There is only one case for the inventory multiplier, as follows:
To maintain price changes in a certain interval, the constraints in Table 1 were determined. The minimum and maximum limits of T 1 and T 2 were formed based on the start and end of the selling period, which is 20 days. The minimum and maximum values of inventory multipliers and time multipliers for both cases were determined by trial and error. These limits prevent dynamic prices from being lower than the mean season ticket price and from being high enough to discourage fans.
All constraints attempt to maintain the shape of the multiplier functions. The bounds may be changed based on the problem. The optimization algorithm attempts to find the optimal values of the multipliers within the limits of the constraints. The primary objective of the optimization is to maximize the total revenue. Total revenue generated is calculated as follows:
In this equation, the "t" subscript represents time, "S" represents the length of the selling period, "Price t " represents the ticket price at time t, and "Demand t " represents the demand for the ticket.
The MATLAB 2015b Simulink tool was used for the optimization. A simulation model was developed for each case of the time multiplier. The optimization tool evaluates different multiplier values until it determines the optimal values. Once the optimum values are obtained, the dynamic prices at any time and inventory level can be obtained. 
Demand Forecasting by a Fuzzy Logic System
Fuzzy logic can be seen as an attempt to mechanize two human capabilities. One is the ability to reason and make rational decisions in the case of uncertain and vague information. The other is the ability to fulfill various physical and mental tasks without requiring any measurements or calculations [32] . The foundation of fuzzy modeling is a rule-based system, also known as a fuzzy inference system (FIS). A fuzzy logic approach provides analysis of the structure of a complex system, in which linguistic terms are used instead of numerical variables to model the system.
There are several steps in designing a fuzzy logic model, as shown in Figure 5 . First, the input and output variables are identified. In this study, the input variables are weather, day of game, distance, performance of home team, uncertainty of outcome, and ticket price. These variables were selected based on a comprehensive literature review. As explained in the literature review section, there are various factors that may have an effect on attendance at sports games. In this study, the most common factors were chosen. First, the majority of the studies consider weather or temperature as a significant variable, especially for outdoor events [22, [33] [34] [35] [36] . The better the weather, the higher the ticket demand [25] . Second, the geographical distance between the stadiums of the home and away teams is considered to be a significant factor [24, [36] [37] [38] . This factor allows for the effect a local game has on attendance. Third, the day the game is played is also considered to be an effective factor [39, 40] . Games on the weekends generally have higher attendance than those on weekdays [25] . Fourth, another input variable is the performance of the home team. Rascher [41] and Bruggink and Eaton [42] believe that the performance of the home team has a larger effect on attendance than that of the away team for Major League Baseball. Forrest and Simmons [38] state that this may be relevant for soccer games in which fans respond to a positive performance by their team. In this study, similar to the study by Forrest and Simmons [38] , the performance of the home team is measured as the ratio of points that the team has earned to possible total points to the date of the schedule. Fifth, another factor considered is the uncertainty of outcome. Forrest and Simmons [38] define it as the degree of unpredictability concerning the result of a game. Will [43] found that spectators prefer a more balanced league over a less balanced league. Forrest and Simmons [38] also assert that as uncertainty decreases, the attendance decreases. Therefore, uncertainty of outcome was selected as a determining factor of attendance. The betting odds have been used, as Forrest and Simmons [38] and Peel and Thomas [37] consider them in their studies. They justify the choice of this factor by stating that odds are determined by considering all the other factors affecting game demand, such as injured players, suspended players, and so on. Based on the study by Peel and Thomas [37] , Forrest and Simmons [38] conclude that fans prefer potentially close games. Therefore, in this study, the ratio of betting odds is used. The smaller value is divided by the larger value, since evenly matched games attract more spectators. Therefore, the maximum value of uncertainty becomes 1 in the most uncertain case. Finally, ticket price is also considered a significant factor affecting demand [36, 44] . High ticket prices might discourage potential spectators [2, 3, 24] . In addition, the output variable is the ticket demand rate. The stadium capacities of all soccer clubs are different, so as a general term the demand rate is valid for all clubs. Put differently, the demand rate reflects the capacity utilization. To obtain the number of spectators, the demand rate is multiplied by the total number of tickets available for sale. Second, the fuzzy sets associated with each variable were defined. These sets and the variable labels are shown in Table 2 . Next, the membership functions were formed for each fuzzy input and output variable. Membership functions illustrate the degree of membership for each value of the variables. The range of values for these functions was determined based on the literature. For example, based on Dobson and Goddard [24] , distances of up to 60 m are considered to be small and distances of at least 200 m are considered to be large. Likewise, Butler [35] classifies temperature as cold when it is less than 55 °F and hot if it is greater than 94 °F. The temperature is classified as cold, warm, or hot depending on this range of values. There are different types of membership functions such as triangular, trapezoidal, and sigmoidal. Membership functions should be selected properly since they affect the design of the fuzzy logic controller. In this study, trapezoidal and triangular forms were chosen as the most appropriate after experimenting with the different types. The membership functions that are determined based on input and output variables are shown in Figure 6 . Second, the fuzzy sets associated with each variable were defined. These sets and the variable labels are shown in Table 2 . Next, the membership functions were formed for each fuzzy input and output variable. Membership functions illustrate the degree of membership for each value of the variables. The range of values for these functions was determined based on the literature. For example, based on Dobson and Goddard [24] , distances of up to 60 m are considered to be small and distances of at least 200 m are considered to be large. Likewise, Butler [35] classifies temperature as cold when it is less than 55 • F and hot if it is greater than 94 • F. The temperature is classified as cold, warm, or hot depending on this range of values. There are different types of membership functions such as triangular, trapezoidal, and sigmoidal. Membership functions should be selected properly since they affect the design of the fuzzy logic controller. In this study, trapezoidal and triangular forms were chosen as the most appropriate after experimenting with the different types. The membership functions that are determined based on input and output variables are shown in Figure 6 . Second, the fuzzy sets associated with each variable were defined. These sets and the variable labels are shown in Table 2 . Next, the membership functions were formed for each fuzzy input and output variable. Membership functions illustrate the degree of membership for each value of the variables. The range of values for these functions was determined based on the literature. For example, based on Dobson and Goddard [24] , distances of up to 60 m are considered to be small and distances of at least 200 m are considered to be large. Likewise, Butler [35] classifies temperature as cold when it is less than 55 °F and hot if it is greater than 94 °F. The temperature is classified as cold, warm, or hot depending on this range of values. There are different types of membership functions such as triangular, trapezoidal, and sigmoidal. Membership functions should be selected properly since they affect the design of the fuzzy logic controller. In this study, trapezoidal and triangular forms were chosen as the most appropriate after experimenting with the different types. The membership functions that are determined based on input and output variables are shown in Figure 6 . Third, after establishing membership functions, the fuzzy rules (if-then) were generated to establish the relations among the input and output variables. These rules were determined based on expert knowledge and research conducted of sports literature. The basic form of the rule is as follows:
If (condition A) AND If (condition B) Then (consequence).
The calculations are made based on "AND" and "NOT" operators. There were 64 rules formed for this study; an example is as follows:
If (Weather is not Cold) and (DayofGame is Late) and (Distance is Large) and (PerformanceofHomeTeam is High) and (Price is High) and (UncertaintyofOutcome is High) then (DemandRate is High) (1).
As seen in this example, there are six conditions and they are all related to each other with "AND" operators. At the end of each rule, the weight of the rule is shown. In this study, all weights are the same with a value of "1".
Fourth, the inference process was established. Two of the most commonly used fuzzy inference processes are Mamdani and Sugeno [45] . The consequent of the fuzzy rules determines the primary difference between the two methods. The Mamdani method uses fuzzy sets as the rule consequent whereas the Sugeno method employs linear functions of input variables as the rule consequent. Both methods have advantages. The Mamdani method is intuitive and is well-suited to human input. However, the Sugeno method works well with linear and optimization techniques and is very compatible with mathematical analysis. In this study, the Mamdani-type inference system is used since it relies on expert knowledge, does not require training data, and provides successful results [46, 47] . It is also the most commonly seen in the literature. This method has several steps. First, the crisp input variables are fuzzified. In this manner, the degree to which they belong to each of the proper fuzzy sets is determined through membership functions. Second, if a fuzzy rule has more than one antecedent, an "AND" or "OR" fuzzy operator is used to obtain a single number. In the fuzzy logic toolbox, AND methods are min (minimum) and prod (product). The OR methods are max (maximum), and probor (probabilistic OR).
Before applying the third step (the implication method), the rule's weight is determined. A single number given by the antecedent is the input and a fuzzy set is the output. Implication is implemented for each rule. Fourth, since decisions are made after all rules have been evaluated, the rules must be combined to reach a decision. All outputs are aggregated such that the fuzzy sets that represent each rule's outputs are combined into a single fuzzy set. Aggregation methods include: max (maximum), probor (probabilistic OR), and sum (simply the sum of each rule's output set). The final step is defuzzification [48] .
The fuzzy results must be defuzzified to obtain crisp numerical values. This occurs by a defuzzification method. The input to the defuzzification process is a fuzzy set and the output is a crisp number. There are several defuzzification methods. The commonly used methods are largest of maximum (LOM), centroid, smallest of maximum (SOM), mean of maximum (MOM), and bisector. In this study, the centroid method, which returns the center of the area under the curve, was chosen because it provides superior results.
The surface plots of fuzzy rules using different input variables are illustrated in Figure 7 . In this study, the fuzzy logic toolbox of MATLAB 2015b was used to build the fuzzy logic model. By forming and using if-then rules, the demand rate of soccer tickets is estimated based on the weather condition on game day, the day of the game, ground distance between stadiums, performance of the home team, uncertainty of outcome, and price. Only the price might be controlled by the sports club. The remaining variables are exogenous factors that cannot be controlled by the club.
Clearly, soccer tickets are sold before a season starts. Some of the tickets are sold as season tickets for all or some of the season's games. Therefore, the remaining tickets are sold individually. This study considers the remaining tickets, since their potential purchasers are more sensitive to changes in the performance of the home team and the prestige of the visiting team. They are also likely to be more selective in their choice of games [24] .
Application
This section contains two scenarios. First, to evaluate the results of the proposed fuzzy logic approach, the attendance data of AC Milan, an Italian football club, was considered. The attendance at some games played during the past three seasons was analyzed and compared with the forecasted demand rates. Second, to test the effectiveness of the proposed dynamic pricing models, the models were applied to a subset of the tickets for a specific game. The game was played on a Saturday with an average temperature of 10 °C. The number of tickets to be sold at a price of €118 was 1800. The mean season ticket price was €90. It is assumed that 100 customers accessed the system daily and that the game tickets were offered for sale 20 days in advance. The ground distance between the Demand Rate Demand Rate In this study, the fuzzy logic toolbox of MATLAB 2015b was used to build the fuzzy logic model. By forming and using if-then rules, the demand rate of soccer tickets is estimated based on the weather condition on game day, the day of the game, ground distance between stadiums, performance of the home team, uncertainty of outcome, and price. Only the price might be controlled by the sports club. The remaining variables are exogenous factors that cannot be controlled by the club.
This section contains two scenarios. First, to evaluate the results of the proposed fuzzy logic approach, the attendance data of AC Milan, an Italian football club, was considered. The attendance at some games played during the past three seasons was analyzed and compared with the forecasted demand rates. Second, to test the effectiveness of the proposed dynamic pricing models, the models were applied to a subset of the tickets for a specific game. The game was played on a Saturday with an average temperature of 10 • C. The number of tickets to be sold at a price of €118 was 1800. The mean season ticket price was €90. It is assumed that 100 customers accessed the system daily and that the game tickets were offered for sale 20 days in advance. The ground distance between the stadiums of the teams was 85 m. Based on the number of points earned by the home team, the performance of the home team was calculated as 0.67. Based on the betting odds obtained, the uncertainty of the outcome was calculated as 0.40.
To find optimal parameters of the multipliers, as mentioned previously, a simulation model was designed in MATLAB 2015b Simulink. The proposed simulation model is shown in Figure 8 . To find optimal parameters of the multipliers, as mentioned previously, a simulation model was designed in MATLAB 2015b Simulink. The proposed simulation model is shown in Figure 8 . As seen in Figure 8 , demand at different price levels is forecasted. Based on tickets sold and the time, the time and inventory multipliers are calculated. These are used to determine the dynamic prices. After determining the prices, the revenue is calculated. These processes are repeated until the selling period is over. The optimization algorithm attempts to find the optimal parameters of the multipliers that produce the maximum revenue. Once the optimal parameters are obtained, the optimal dynamic prices can be calculated.
Results and Discussion
The results are provided in two sections: the results of demand forecasting and the results of the dynamic pricing model.
Results of Demand Forecasting
As explained in the previous sections, the input variables are weather, day of game, distance, performance of home team, price, and uncertainty of outcome. All data was obtained from different sources. First, the average temperature (°C) on the game day was obtained from the website https://www.wunderground.com. Second, geographical ground distances were collected from the website https://www.distancecalculator.net. Third, to evaluate the performance of the home team, the number of points earned by the team was obtained. The ticket prices were collected from the club's website. Lastly, the uncertainty of outcome was calculated based on data collected from the website http://www.football-data.co.uk. The output of the demand forecasting is the demand rate of games based on these variables.
At the modeling stage, the season tickets were excluded, but the match day tickets were considered. The days were numbered from Monday to Sunday, where 1 represents Monday, 2 represents Tuesday, and so on. The ground distances between stadiums that are greater than 250 m were accepted as 250 m (large distances). The data that was collected and calculated is given in Table  3 . As seen in Figure 8 , demand at different price levels is forecasted. Based on tickets sold and the time, the time and inventory multipliers are calculated. These are used to determine the dynamic prices. After determining the prices, the revenue is calculated. These processes are repeated until the selling period is over. The optimization algorithm attempts to find the optimal parameters of the multipliers that produce the maximum revenue. Once the optimal parameters are obtained, the optimal dynamic prices can be calculated.
Results and Discussion
Results of Demand Forecasting
As explained in the previous sections, the input variables are weather, day of game, distance, performance of home team, price, and uncertainty of outcome. All data was obtained from different sources. First, the average temperature ( • C) on the game day was obtained from the website https: //www.wunderground.com. Second, geographical ground distances were collected from the website https://www.distancecalculator.net. Third, to evaluate the performance of the home team, the number of points earned by the team was obtained. The ticket prices were collected from the club's website. Lastly, the uncertainty of outcome was calculated based on data collected from the website http: //www.football-data.co.uk. The output of the demand forecasting is the demand rate of games based on these variables.
At the modeling stage, the season tickets were excluded, but the match day tickets were considered. The days were numbered from Monday to Sunday, where 1 represents Monday, 2 represents Tuesday, and so on. The ground distances between stadiums that are greater than 250 m were accepted as 250 m (large distances). The data that was collected and calculated is given in Table 3 . To compare the results of the fuzzy logic model with real data, the mean absolute percentage error (MAPE) and mean squared error (MSE) were calculated. The calculated MSE is 0 and the MAPE is 0.1. Based on these results, it can be concluded that the results of the proposed fuzzy logic approach are successful and highly competitive.
Results of Dynamic Ticket Pricing
As explained in the previous sections, there are two cases of the proposed model. To evaluate the success of the models, the revenue generated from each was compared with the static pricing, in which the price does not change at any point in the selling period. After the simulation was executed one thousand times, the optimum values of the multipliers were obtained as t 1 = 0.9002, t 2 = 1.2, t 3 = 1.3896, i 1 = 1.156, T 1 = 2.6189, T 2 = 9.006 and t 1 = 1.0037, i 1 = 1.25 for Cases I and II, respectively. After obtaining these values, the dynamic prices at any selling period and at any inventory level can be calculated. Based on the optimization results, the revenue for the two cases and static pricing are provided in Table 4 . As seen in Table 4 , both dynamic pricing models generated more revenue than the static pricing strategy. There were 1800 tickets available. Quantities of 630, 660, and 660 tickets were sold for Case I, Case II, and the static pricing strategy, respectively. Case I is proposed in this study, while Case II is stated commonly in the sports literature. The static pricing strategy is adopted by almost all soccer clubs. According to the comparison results, the highest revenue is obtained from Case I while the lowest revenue is obtained from the static pricing strategy. The ticket prices at different points in the selling period are shown in Figure 9 . The results show that prices fluctuate in Cases I and II. However, ticket prices remain the same during the selling period with a static pricing strategy. The demand levels are different at each price level.
Conclusions
A dynamic ticket pricing model for soccer clubs is proposed in this study. Dynamic ticket prices are determined based on time and inventory multipliers. Two cases of the time multiplier were chosen to allow comparisons among revenues. The essential function of the model is to determine the optimal parameters of the multipliers with the goal of maximizing revenue. Once the parameters are obtained, dynamic prices at any time point and at any inventory level can be calculated easily. The model requires demand rates at different price levels, and the required demand rates are forecasted by the proposed fuzzy logic system.
One of the primary contributions of this study is forecasting the demand with a unique fuzzy logic approach. Fuzzy if-then rules were generated for this purpose. Fuzzy logic is proven to be successful at forecasting. This study demonstrates that it provides competitive forecasting results for soccer games. The results were compared with real data and were found to be effective. In summary, it can be an alternative to classic regression models for forecasting attendance at sports games. Another contribution of this paper is the development of a mathematical model of dynamic pricing for soccer games. Almost all the dynamic pricing studies in sports attempt to explain the effective factors for dynamic pricing models and/or attempt to address dynamic pricing models from a managerial perspective. Therefore, it is significant to introduce a new mathematical model. Two cases were considered, and their results were compared with the results of the static pricing strategy. The results show that the model assists in generating an increase of up to 8.95% in ticket sales revenue. Considering one hundred million dollars of match day revenue, even a 0.01% increase has substantial value. With a few modifications, the model can be implemented for other sports disciplines.
An additional multiplier that reflects the characteristics of the game to ticket prices could be included in the model. For instance, a calculated uncertainty of outcome might be used for that The results show that prices fluctuate in Cases I and II. However, ticket prices remain the same during the selling period with a static pricing strategy. The demand levels are different at each price level.
An additional multiplier that reflects the characteristics of the game to ticket prices could be included in the model. For instance, a calculated uncertainty of outcome might be used for that purpose. It does not change the structure of the model but merely adds an additional multiplier to calculate the uncertainty of the game's outcome.
Both of the proposed models may have some limitations. Adding consideration of strategic customers might enhance the applicability of the dynamic pricing model. Additionally, considering consumer resale effects might also improve the quality of the model. Finally, the input variables that are used to forecast the demand rate may be revised and improved if required. The fuzzy sets may be enhanced as well. There may be some other effective determinants of the demand to consider.
